Abstract. In this paper the moduli space of Higgs pairs over a fixed smooth projective curve with extra formal data is defined and it is endowed with a scheme structure. We introduce a relative version of the Krichever map using a fibration of Sato Grassmannians and show that this map is injective. This fact and the characterization of the points of the image of the Krichever map allow us to prove that this moduli space is a closed subscheme of the product of the moduli of vector bundles (with formal extra data) and a formal anologue of the Hitchin base. This characterization also provide us the method to compute explicitely KP-type equations which describe the moduli space of Higgs pairs. Finally, for the case where the spectral cover is totally ramified at a fixed point of the curve, these equations are given in terms of the characteristic coefficients of the Higgs field.
Introduction.
In 1988, Professor Hitchin studied ( [5] ) the symplectic geometry of the cotangent space T * U X to the moduli space U X of vector bundles over a compact Riemann surface X, its points led him to introduce a new and nowadays relevant concept: the notion of Higgs pairs. From the point of view of the Sympletic Geometry, the map from T * U X to an affine space of global sections (now called Hitchin map) turned out to be an algebraically completely integrable Hamiltonian system, fact that translates in Algebraic Geometry by saying that the fibers of the Hitchin map are Jacobians of a special curve covering X (the spectral curve). As the author says in [5] , one question is left: how to realize the Hamiltonian differential equations in some concrete way?
Bearing in mind this question, Li and Mulase have partially solved the problem in [6] using techniques of infinite integrable systems. They used the infinite Sato Grassmannian as a space of solutions for the KP system ( [12] ) and have answered the question of how to recover the Hitchin system from the KP system in the case for which the spectral cover is not ramified. At the same period and with similar tools (Krichever morphism, Sato Grassmannian, ...), Donagi and Markman have also studied this topic in [4] with full generallity, they have shown certain compatibility for KP flows concerning spectral data coming from Higgs pairs on X. As far as we know, concrete equations describing this moduli space (and allowing ramification in the spectral cover) remains to be given. In this paper we try to solve this question.
The paper is organized as follows. In section 2 few words about the classical correspondence between Higgs pairs and line bundles over the spectral curve are said. Section 3 is devoted to the study of the Krichever map for the moduli space of Higgs pairs with extra formal data, Higgs ∞ X . For this goal, an alternative method to that of [6] and [4] is proposed: to use a fibration of infinite Sato Grassmannians (over a formal analogue A of the Hitchin base) and generalize the Krichever morphism. Theorem 3.9 proves that Higgs ∞ X is representable. Theorem 3.12 shows that the Krichever map is inyective. This fact, combined with the characterization of the image of the Krichever map (theorem 3.17) allow us to give the first main result: Higgs ∞ X is a closed subscheme of U ∞ X × A (theorem 3.18, where U ∞ X is the moduli scheme of vector bundles over X with formal extra data). Section 4 gives the spectral construction for the above topics defining a relative Grassmannian. Finally, in section 5 the sencond main result is given, theorem 5.22 provides concrete KP-type equations describing Higgs ∞ X in terms of bilinear identities of Baker-Akhiezer functions and, for the connected component of Higgs ∞ X on which the spectral cover is totally ramified, equations are explicitely computed in terms of the characteristic coefficients of the Higgs field (theorem 5.23).
Preliminaries.
Denote U X the moduli stack of rank n vector bundles over a projective, smooth curve X of genus g. Recall that a Higgs pair on X consists of a vector bundle E ∈ U X and a morphism of sheaves of O X -modules:
It is known ([4]):
T * E U X ∼ → H 0 (X, End X E ⊗ ω X ) .
and therefore, the cotangent space to U X parametrizes Higgs pairs on X. A remarkable fact is the existence of the Hitchin map:
are the characteristic coefficients of ϕ. Another relevant issue is the spectral construction, whose importance lies on the fact that, for a generic s = (s 1 , . . . , s n ) ∈ ⊕ n i=1 H 0 (X, ω i X ), the points of H −1 (s) corresponds to line bundles on the so called spectral curve X s . We briefely describe its definition ( [5] , [3] , [14] ): Consider the cotangent bundle:
X is the sheaf of symmetric algebras on X. Let I s be the sheaf of ideals of S • ω −1 X generated by the image of:
The quotient S • ω −1 X /I s is a sheaf of O X -algebras and the spectral curve is defined as the zeros of I s in T * X, that is:
π : X s → X is a finite covering of degree n, where n is the rank of E and for generic s, X s is non singular.
The bijection between J(X s ) and H −1 (s) (where we denote the Jacobian of X s by J(X s )) is the following:
We can think of the Higgs field ϕ as a morphism:
equivalentely, as a morphism of O X -algebras
Hamilton-Cayley theorem implies that this morphism factorizes by O Xs = S • ω −1 X /I s if and only if ch(ϕ) = s. So given a point in H −1 (s), that is, given (E, ϕ) such that ch(ϕ) = s, E can be thought as a line bundle L on X s (assuming smoothness) and π * L ∼ → E. The converse is analogous.
3.
Moduli of Higgs pairs with extra formal data.
We will work over the field of complex numbers and will denote it by k. We will assume as fixed, once and for all, the following data:
• X smooth, projective, integral curve over k.
• x ∈ X.
•
] a formal trivialization of X at x. We want to consider a moduli problem parametrising:
• A rank n vector bundle on X, E.
• A Higgs field ϕ : E → E ⊗ ω X .
• A formal trivialization φ of E on x, i.e. φ :
We will see that certain compatibility between φ and ϕ have to be imposed.
Definition 3.1. We call formal Higgs field to the morphism of sheaves of O X,x -modules:
Since X is smooh, the dualising sheaf ω X is a line bundle and formal trivialization t induces a formal trivialization of ω X at x:
(we will forget about the generator dz). Then, the coefficients of the poly-
Let us now introduce a k-scheme parametrising these coefficients.
Let A ∞ be the infinite dimensional affine group scheme over k with the addition group law, that is ([2, Def. 4.13]):
Let R be a k-algebra. The correspondence:
gives the following: 
Remark 3.4. We will think of the points of A with values in S as polynomials
where a i ∈ H 0 ( X x × S, ω ⊗i x×S ). Definition 3.5. We define the functor Higgs ∞ X as the sheafication of:
such that there exists a matrix
(where (a 1 , . . . , a n ) ∈ A(S)) making the following diagram commutative:
Definition 3.8. The formal Hitchin map is the morphism:
of the formal Higgs field ϕ.
From now on, we will restrict to the open dense subset of A consisting of those polynomials
Theorem 3.9. The functor Higgs ∞ X is representable by a k-scheme. Proof. Let U ∞ X be the fine moduli space of rank n vector bundles on X with formal trivialization (see [1] ). Then, there exists a universal object (E, Φ), where E is a rank n vector bundle on X × U ∞ X and Φ a formal trivialization of E along {x} × U ∞ X . Let V be the fiber bundle associated to the vector bundle on X × U ∞ X :
ω being the pullback of ω X to X × U ∞ X . Let f : V → U ∞ X be the composition of the natural morphism V → X × U ∞ X with the projection onto U ∞ X . Let E V be the vector bundle on X × V defined by the pullback
n the induced formal trivialization of E V along x × V and let:
be the universal morphism.
One has that the points of V with values in a k-scheme S, g : S → V, are triples (E S , ϕ S , φ S ) where E S is the pullback of E V to X × S by the morphism 1 × g, ϕ S is the pullback of ϕ and φ S is the pullback of the formal trivialization.
Bearing in mind the induced morphism:
it follows (see Definition 3.5) that the points of Higgs ∞ X with values in S are points of V with values in S, (E S , ϕ S , φ S ), for which the composition
V,S is defined by a matrix of the type:
for arbitrary (a 1 , . . . , a n ) ∈ A(S). One can check that this is a closed condition.
Recall that the infinite Grassmannian Gr(V ) associated to the couple (V, V + ) is the infinte dimensional k-scheme whose rational points are k-vector subspaces W of V such that W ∩ V + and V /W + V + are finite dimensional subspaces (see [2] ).
Recall also ( [1] , [8] ) that the Krichever map 
If U and W are vector subspaces of k((z)) and V respectively, we denote
be the points they define via the Krichever map. Then:
Proof. It follows from the surjectivity of
Recall that X − x = Spec A is an affine open subset of X.
One can easily generalizes the above result for points with values in any k-scheme S. This implies that we can define the following morphism of schemes:
14. Note that in general we don't have a well-defined scheme morphism:
. . , a n ) be a point in A with values in S and let T be the endomorphism given by the matrix:
If S = Spec k is the spectrum of a field k, flatness is straighforward and the stabilizer algebra coincides with those of [8] :
Proposition 3.16. Let S be a k-scheme and
Proof. It follows from the O S ((z))-linearity of T and the properties of the stabilizer algebra A W of W .
We can now define another endomorphism of U ∞ X : 
For rational points this condition translates into
Proof. Direct implication follows from the definition of the Krichever morphism. Let's see how to recover the geometric data from (W, p(T )) ∈ U ∞ X (S) × A(S). By hypothesis, T |W takes values in W · Ω and we already know that W ∈ U ∞ X (S), so we can recover a rank n vector bundle on X × S together with its formal trivialization φ (see [1] , [8] ). By Proposition 3.13
Therefore, T |W translate into the morphism:
where π S : X × S → S. Thus, to recover the Higgs field
we have to extend T |W to x × S. But, this follows from the fact that T is O S ((z))-linear (see equation 3.2). In addition, the compatibility condition between ϕ and φ is obtained by construction.
This result allow us to prove the following theorem:
Theorem 3.18. The functor Higgs ∞ X is representable by a closed subscheme of U ∞ X × A. Proof. By 3.17, the image of: Let S be a k-scheme and let F be a sheaf of O S -modules. Let F 1 and F 2 be two quasi-coherent subsheaves of F such that locally
, as subsheaves of f * (F), are the points of a closed subset of S.
Spectral Construction.
We call formal base curve to:
Definition 4.1. Let p(T ) be a point in A(S). We define the formal spectral curve associated to ( X, p(T )) as:
Let (E, φ, ϕ) be point in Higgs ∞ X with values in S. Recall that the formal Hitchin map (see Definition 3.8):
The proof uses the classical correspondence between a Higgs pair and the Jacobian of the spectral curve of [3] . The formal Higgs field ϕ endows E x×S with a line bundle structure over the formal spectral curve
, so that we can choose a trivialization:
. Using the given formal trivialization:
] n and, because of the compatibility condition between φ and ϕ of Definition 3.5, we get that M corresponds to the multiplication by
) n can be enriched with a natural O S ((z))-algebra structure:
using the standard basis {1, T, T 2 , . . . , T n−1 }. Now take a rational point (E, φ, ϕ) ∈ Higgs ∞ X (k) and denote by π : X ϕ → X the spectral cover.
Using the formal trivialization of the Proposition 4.2:
is a rational point of the infinite Grassmannian Gr(k((z))[T ]/p b ϕ (T )). The aim for this section is to make this construction uniform as p(T ) varies. This will lead us to define the relative infite Grassmannian. The construction is similar to that of the standard infinite Grassmannian ( [2] ), so we will omit the proofs (see [11] for further details).
Let p univ (T ) denote the universal polynomial of A, that is, the point corresponding to the identity morphism Id : A → A (recall that by proposition Denote
and consider the triple (V, V + , V 1 ) where V 1 = zV + . We have:
is locally principal and V is the localization of V + by the generator of V 1 . Equivalentely, for each point of A there exists an open neighborhood U such that:
Define the following sub-V + -modules of V by
There also exists a notion of conmensurability for sub-O A -modules of V and verifies the same properties as the standard conmensurability (see [2] ). 
In particular, for each rational point p(T ) : Spec k → A:
This means that:
is a fibration of infinite Grassmannians.
Remark 4.6. Note that one has an isomorphism of O A -modules
therefore, considering the trivial fibration of k-schemes
one can get an isomorphism:
4.2. Krichever map via the spectral construction. Given a point (E, φ, ϕ) ∈ Higgs ∞ X (S) and using the formal trivialization φ ϕ of Proposition 4.2, one gets a well-defined Krichever map:
where π ′ : X ϕ → S. For rational points is given by:
π : X ϕ → X being the spectral cover. Bearing in mind the isomorphism of the equation (4.1), it follows that this Krichever map is in fact equivalent to the Krichever map defined in 3.10, and by theorem 3.12 is injective. The image is characterized in a similar way to that of theorem 3.17.
See also [4] for other interpretation of the spectral construction.
Equations of the moduli space of Higgs Pairs.
Let p(T ) ∈ A(k) be a rational point and denote
. From now on, assume that V p is a separable k((z))-algebra with the following decomposition:
. In addition, it is easy to prove the following isomorphism:
where z is thought as a serie in T i by the expresion z = T
This assumption is motivated by the following geometric fact: Proposition 5.1. Consider (E, ϕ, φ) ∈ Higgs ∞ X (k) and let p b ϕ (T ) ∈ A(k) be characteristic polynomial of the induced formal Higgs field. Then, the ring of the formal spectral curve,
. O x is a local, regular and complete ring with maximal ideal m x = (z) and O y is a regular, complete, separable O x -algebra of dimension one, thus, O y is a Dedekind domain and we have a primary decomposition:
where m i are the maximal ideals of the points: 
is an integer morphism, so one gets a relation:
Moreover, if we restrict to z = 0 we should get a point counted n i times, what means that b
. Therefore:
Because of separabily and the fact that we are working in characteristic zero, if u i = v j the n i = n j . Now we can conclude:
is a formal parameter for y i and z =T n i i , that is:
In our case we are not allow to do this change of parameter, because once we take a point in Higgs ∞ X we get a polynomial in A, and if we were allowed to do this change, then the polynomial would be different.
In order to give the equations describing Higgs ∞ X , we will firstly need to adapt some results concerning Tau and Baker-Akhiezer functions given in [2, 10, 9].
Formal Jacobian and Abel morphism.
Because of the isomorphisms of the equation 5.1 and following [2, 9] it can be proven that functor V * p of invertible elements in V p is representable by a formal group k-scheme whose connected component of the origin decomposes as:
Vr . Moreover, the formal Jacobian of the formal spectral curve X V , J ( X V ), is isomorphic to Γ − Vp (see [2, Theorem 4.14] and also [9] ). Let A ∞ be the formal group scheme:
endowed with the additive group law. Let us denote k{{t 1 , t 2 , . . . }} for the
. . , t n ]] and set:
Since the characteristic of k is zero, the exponetial map is the isomorphism of formal group k-schemes (see [2, Definition 4.11]):
Now we can identify J ( X V ) with the formal spectrum of the ring:
1 , . . . }} and its universal element will be denoted by:
The Abel morphism of degree one (see [9] ):
is defined by the r series:
where we distinguish the indeterminates:
. Equivalentely, the Abel morphism is the induced morphism by the next ring homomorphism:
Tau and Baker-Akhiezer functions .
Consider the fibration of infinite Grassmannians:
and let p(T ) be a rational point of A. The fiber at
Consider now the action of Γ Vp in Gr(V p ) by homoteties:
and define the Poincaré sheaf on Γ Vp × Gr(V p ) by:
Vp . Definition 5.3. For each rational point W ∈ Gr(V p ), we define the sheaf of τ functions of W as the line bundle on Γ Vp × {W } given by:
We call τ -section of a point W ,τ W , the image of µ * Ω + under the morphism
where Ω + is the canonical global section of Det * Vp defined in [2] .
Note thatτ W is not a true function over Γ Vp × {W }, because L τ (W ) is in general non trivial. The algebraic analogous of the tau function defined by Sato, Segal and Wilson ( [13] ) is obtained by restricting L τ (W ) to the formal subgroup Γ [2] , it can be shown that this vector bundle is trivial over Γ − Vp × {W }. In order to obtain a trivialization (that allows us to identify sections with functions) one needs to find out a section without zeros. Let V be the fiber bundle associated to L τ (W ), fix a non-zero element ρ W in the fiber of V over the identity point (1, W ) ∈ Γ − Vp × {W } and let σ 0 be the unique Γ
Thus, σ 0 is a constant section without zeros and the global section defined byτ W is identified, via the trivialization given by σ 0 , with the function:
Remark 5.4. Over the formal base curve
Now is time to go for Baker-Akhiezer functions. Consider the composition:
where 
The sheaf of BA functions of a point W ∈ Gr(V p ) is:
Similarly:
, where:
is the induced morphism byβ * W . That is, choose it in such a way that:
0 is the origin of X V i and v −1 is v
As in the previous section, the bundle:
Vp , so, choosing a trivialization, the BA-function of a point W ∈ Gr(V p ) is defined by the following formula:
where T • = (T 1 , . . . , T r ) and g • ∈ Γ − Vp . In order to give an explicit expression of this function in characteristic zero, we compose the Abel morphism with the exponential isomorphism:
that sends T j to the point in A r ∞ with coordinates:
or, equivalentely, this map is induced by the ring hommorphism:
It is clear that we have an addition map:
where
denotes the point in
A r ∞ with coordinates (. . . , t
. . ). In this fashion, the BA-function of a point W ∈ Gr(V p ) (in characteristic zero) is defined by ( [10, 9] ):
Remark 5.8. In the case of points in the Grassmannian of k((z)), the Taufunction of a point Ω ∈ Gr(k((z))) generates the subspace Ω( [10] ), nevertheless, this is no longer true for a point W ∈ Gr(V p ). In order to solve this problem the following definition is used in [9] .
Recall the descomposition
Definition 5.9. The u-th BA-function of a point W ∈ Gr(V p ) is the function
• ξ ui is −1 if i > u and 1 if i ≤ u. Now, let's see that W can be generated (as an infinite subspace of V p ) by these u-th BA-functions.
Let X N V be the formal scheme:
We have:
. The Abel morphism of degree N :
(1) Theorem 5.12.
[9] Take W ∈ Gr 0 (V p ). Then:
where • for m ≤ 1 2 (r − n), let p, q, s, t be integer numbers defined by −m = q · (n − r) + p, 0 ≤ p < n − r, p = s · r + t, 0 ≤ t < r. Therefore, we set
• for m > 1 2 (r − n), we set:
we have: 
where {ψ 
Adjoint Baker function.
Since V p is a finite separable k((z))-algebra, it carries the metric of the trace
which is non-degenerated. Therefore, V p can be endowed with the nondegenerated pairing: (Tr(a, b) )dz Lemma 5.16. [10, 9] The pairing T 2 induces an isomorphism of k-schemes:
where W ⊥ is writen for the orthogonal of W w.r.t. T 2 .
We have the following properties ( [9] ):
In characteristic zero:
Theorem 5.18. Take W ∈ Gr m (V p ). We have: 
for certain values of the parameters t • .
Product of BA-functions.
Take Ω ∈ Gr(k((z))) and W ∈ Gr(V p ). Consider its BA-functions:
(that lies over X × Γ − and X V × Γ − Vp respectively). The graph, X V → X V × X, of the morphism π : X V → X induces:
Remark 5.19. Note that the graph is the morphism induced by:
and this expression makes sense because we know how to express z in terms of T i by equation (5.1).
Definition 5.20. The product of the BA-functions of Ω ∈ Gr(k((z))) and W ∈ Gr(V p ) is defined by:
The product of ψ Ω (z, t) by the u-th BA-function of W , ψ u,W (T • , t • ), can be defined in similar way.
Proposition 5.21. Let W ∈ Gr(V p ) and Ω ∈ Gr(k((z))) be such that Ω·W ∈ Gr(V p ). Then
is a generating system for Ω · W . If the characteristic of k is zero, then:
is a generating system for T · W ⊥ and (by theorem 5.18): 
Equations for irreducible polynomial.
In this section equations describing Higgs ∞ X for the case in which the spectral cover π : X ϕ → X is totally ramified at x ∈ X (that is, π −1 (x) = ny) are computed explicitely in terms of the characteristic coefficients of the formal Higgs field.
In our formal setting, to assume this hypothesis implies that the characteristic polynomial of the formal Higgs field is irreducible. So, from now on, assume we are given an irreducible polynomial p(T ) = T n − a 1 T n−1 + · · · + (−1) n a n
The multiplycation by T in V p = k((z))[T ]/p(T ) w.r.t. the basis {1, T, . . . , T n−1 } corresponds to the matrix:
0 (−1) n+1 a n 1 · · (−1) n a n−1
By equation 5.1 we are in the following case:
so that u(T ) can be computed explicitely in terms of a 1 , . . . , a n . Note in addition that multiplying by T −1 makes sense in V p (but not in V + p ). On one hand, if W ∈ Gr m (V p ) then its BA-function is given by:
where {ψ (i) W (T )} i is a basis for W and p i (t n ) are functions in t n (see remark 5.15 and notice that we are writing t n for the coordinates of Γ Vp ). Observe
We will write Higgs ∞ X (n) for the connected componet on which the spectral cover is totally ramified (π −1 (x) = ny). 
In order to make this formula explicit, observe that the k-algebra structure in V p is nothing but the standard polynomial multiplication mod p(T ). So using the polynomial expressions 5. 
Bearing in mind that the trace map is k((z))-linear and the linearity of Res we get the result.
Remark 5.24. These techniques can also be used to give a different way of computing the equations for the connected component Higgs ∞ X (1, . . . , 1) (on which the spectral cover is not ramified) treated on [6] .
